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Abstract
Based on recent experimental results for electron-doped cuprate oxides and ferromagnetic super-
conductors, it is shown that antiferromagnetic fluctuations always develop in the superconducting
phase of both low- and high-temperature superconductors. The relation between the magnitude of
the antiferromagnetic pseudogap and the characteristic temperature of the antiferromagnetic pseu-
dogap opening is obtained. The characteristic temperature of the antiferromagnetic pseudogap
opening for metal superconductors is estimated.
PACS numbers: 74.25.Ha, 74.25.Dw, 74.62.Fj, 64.60.-i
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Recently, it was shown by means of inelastic neutron diffraction measurements [1] that
earlier discovered in electron-doped cuprate oxides R2−xCexCuO4, where R= Sm, Nd, Pr,
(in the angle resolved photoemission measurements) [2] the antiferromagnetic pseudogap ∆∗
corresponds to antiferromagnetic fluctuations in the superconducting phase of this cuprate
superconductors (for a review see Ref. 3). The magnitude ∆∗ of the antiferromagnetic
pseudogap is much larger than the magnitude ∆ of the superconducting gap, and the char-
acteristic temperature T ∗AFM of the antiferromagnetic pseudogap opening essentially exceeds
the critical temperature Tc of the superconducting transition. Such a behavior is typical for
high-temperature superconductors, if normally observed in them above Tc pseudogap ∆
∗ can
be identified with the antiferromagnetic pseudogap corresponding to antiferromagnetic fluc-
tuations with a finite lengthscale. Here we show that antiferromagnetic fluctuations develop
in the superconducting phase of both low- and high-temperature superconductors and esti-
mate the magnitude ∆∗ of the antiferromagnetic pseudogap, the characteristic length scale
l of antiferromagnetic fluctuations, and also, for metal superconductors, the characteristic
temperature T ∗AFM of the antiferromagnetic pseudogap opening.
Recent detailed studies of the AC magnetic susceptibility χ (T ) as a function of the
temperature T in the ferromagnetic superconductor ErRh4B4 with the critical temperature
Tc = 8.7K and the Curie temperature TFM = 0.97K [4] have revealed a maximum of
χ (T ) at the temperature T ∗AFM
∼= 2K (in fields H ∼= 3kOe), which can be interpreted as
the manifestation of strong antiferromagnetic fluctuations in the superconducting phase of
this low-temperature superconductor. This interpretation is supported by the sequence of
phase transitions in the other ferromagnetic superconductor ErNi2B2C: the ferromagnetic
transition with the transition temperature TFM = 2.3K, the antiferromagnetic transition
with the transition temperature TAFM = 6K, and the superconducting transition with
Tc = 11K.
Thus, we have similar sequences of transitions:
ErRh4B4
TFM = 0.97K
T
∗
AFM
∼= 2K Tc = 8.7K
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ErNi2B2C
TFM = 2.3K TAFM = 6K Tc = 11K
These results suggest that antiferromagnetic fluctuations are present in the supercon-
ducting phase of conventional, low-temperature superconductors. (The above ferromagnetic
superconductor ErRh4B4 is type I superconductor, as it is shown in Ref.4). However, the
characteristic temperature T ∗AFM of the antiferromagnetic pseudogap opening is, in the case
of low-temperature superconductors, less than the critical temperature Tc of the supercon-
ducting transition (contrary to the case of high-temperature cuprate superconductors).
Recently, it was shown [5] that the melting of a crystalline solid occurs when the critical
number density nc of vacancies is achieved, the critical number density of vacancies being
nc ∼= n0exp (−α) , (1)
where n0 ≈ 1.1× 10
22cm−3 and α ≈ 18 are quantum constants [6]. The length scale
dc = n
−1/3
c
∼= a0exp (α/3) ∼= 180nm, (2)
where a0 = n
−1/3
0
∼= 0.45nm, can be interpreted as the size of a crystalline domain which
cannot contain more than one vacancy. This interpretation is supported by the experimental
results on the recryctallization of thin Al foils [7]. The recrystallization occurs only if the foil
thickness d exceeds the length scale dc, in more thin films there were no additional vacancies
to nucleate the recrystallization [7].
This concept can be extended on other phase transitions, such as ferroelectric, ferromag-
netic, and superconducting, if we consider the corresponding phase transition as the melting
of some lattice. In the case of the ferroelectric transition, it is the lattice of electrical dipoles;
in the case of the ferromagnetic transition, it is the lattice of magnetic dipoles. In the case
of the superconducting phase transition, the situation is more complex, since the electron
degrees of freedom are essentially involved. However, as it will be shown below, the above
concept holds for superconducting transitions too.
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The thermodynamic consideration based on the Clausius- Clapeyron equation gives the
number density nv of vacancies in a solid in the form [6]
nv = (P0/T ) exp (−Ev/T ) = (n0T0/T ) exp (−Ev/T ) , (3)
where Ev is the energy of the vacancy formation, P0 = n0T0 is a constant, T0 can be put equal
to the melting temperature of the solid at ambient pressure, and the Boltzmann constant
kB is included in the definition of the temperature T.
The energy of the vacancy formation Ev depends linearly on the pressure P (in the region
of high pressures) as given by the formula
Ev = Ev0 − αP/n0, (4)
where α is a dimensionless constant, α ≈ 18 for sufficiently high pressures. On the atomic
scale, the pressure dependence of the energy of the vacancy formation in the equation (4) is
produced by the strong atomic relaxation in a crystalline solid under high pressure.
According to the equations (3) and (4), the number density of vacancies in a solid increases
with increasing pressure (in the region of high pressures),
nv = (n0T0/T ) exp (− (Ev0 − αP/n0) /T ) . (5)
Consider now the number density n of elementary excitations in a corresponding lattice,
instead of the number density of vacancies in an ordinary lattice. An elementary excitation
invokes the change of the sign of the electrical or magnetic dipole moment of the elementary
lattice cell for ferroelectrics and ferromagnets, respectively. In the case of superconductors,
an elementary excitation is more complex.
Similarly to the energy of the vacancy formation (4), the energy E of an elementary
excitation depends on the pressure (in the region of high pressures) as follows
E = E0 − αPP/n0, (6)
where E0 is the energy of an elementary excitation at ambient pressure, and αP is a dimen-
sionless constant dependent on the type of the phase transition. The pressure dependence
of the energy of an elementary excitation in the equation (6) is produced by the atomic
relaxation in the corresponding lattice under high pressure.
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The pressure dependence of the number density n of elementary excitations is given by
the formula analogous to the equation (5),
n = (n0Tc/T ) exp (− (E0 − αPP/n0) /T ) , (7)
where Tc denotes here the transition temperature at ambient pressure.
The corresponding phase transition occurs when the critical number density nc of elemen-
tary excitations (one elementary excitation per crystalline domain) is achieved. (Inelastic
neutron diffraction measurements [1] have revealed that, on cooling, the antiferromagnetic
phase transition occurs when the characteristic length l of antiferromagnetic fluctuations
achieves the size of a crystalline domain given by the equation (2), l ∼= 400a0.) In view of
the equation (7), it means that, on the phase equilibrium curve in the high pressure region,
we have
(E0 − αPP/n0) /T ∼= E0/Tc ∼= α. (8)
The equation (8) gives the pressure dependence of the transition temperature T in the
region of high pressures in the form
T ∼= Tc − (αP/α)P/n0. (9)
The dimensionless slope of the phase equilibrium curve is given by the formula
k = n0dT/dP ∼= −αP/α. (10)
Similarly to the case of the melting of crystalline solids, the relations (9) and (10) are
valid only for sufficiently high pressures. In the region of relatively low pressures, the sign
of dT/dP can be positive (the transition temperature may increase with pressure).
The superconducting phase diagram of Li metal [8] gives k ≈ −1/96 and αP ≈ −kα ≈
3/16 for sufficiently high pressures, if we assume the relation P ′ ≈ 200P between the real
pressure P and the measured pressure P ′. (The problem of the calibration of high pressures
is considered in Ref.6). These values of k and αP are characteristic for low-temperature
superconductors (see data for Al, Sn, Pb in Ref.9).
The superconducting phase diagram of the cuprate oxide La1.48Nd0.4Sr0.12CuO4 [10] gives
k ≈ −1/48 and αP ≈ −kα ≈ 3/8, for sufficiently high pressures. These values of k and αP
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are characteristic for high-temperature superconductors (see, for example, data for MgB2
in Ref. 11 and data for Rb3C60 in Ref. 9).
The values of k and αP for ferroelectrics are k ≈ −1/9 and αP ≈ −kα ≈ 2 (see data for
BaTiO3 in Ref. 12). In the case of ferromagnets, k ≈ −2/9 and αP ≈ −kα ≈ 4 (see data
for the weak itinerant ferromagnet SrRuO3 in Ref. 13).
In accordance with the equation (8), the energy E0 of an elementary excitation at ambient
pressure is given by the relation
E0 ∼= αTc. (11)
In the case of MgB2 with Tc = 39K, the energy of an elementary excitation has an order
of the Debye temperature θD: E0 ∼= αTc ∼= 700K, whereas θD = 800± 80K [14, 15, 16].
If we assume that at T ∼= 0 the transition pressure Pc has an order of the melting pressure
Pm ∼= n0Tm, where Tm is the melting temperature of the solid at ambient pressure [6], then
αP ∼= n0E0/Pc ∼= E0/Tm ∼= θD/Tm, (12)
for superconductors with E0 ∼= θD. For most of metals, the ratio of the Debye temperature
to the melting temperature is θD/Tm ∼= 0.2− 0.4.
The magnitude 2∆∗ of the antiferromagnetic pseudogap is equal to the energy E0 of an
elementary antiferromagnetic excitation, so that, in accordance with the equation (11), we
have
2∆∗ ∼= αT ∗AFM , (13)
where T ∗AFM is the characteristic temperature of the antiferromagnetic pseudogap open-
ing. Optical measurements in Nd2−xCexCuO4 and Pr2−xCexCuO4 give the relation
2∆∗/T ∗AFM ≈ 16 [3], which is close to the relation (12), since α ≈ 18.
The experimental data suggest that the magnitude 2∆ of the superconducting gap is
given by the relation
2∆ ∼= αPαTc. (14)
For low-temperature superconductors αP ≈ −kα ≈ 3/16 and the equation (14) gives
6
2∆ ∼= 3.4Tc. (15)
This estimation of the magnitude of the superconducting gap is consistent with experi-
mental data for Al, In, Sn obtained in the tunneling experiments [17]. Other experimental
techniques give slightly different ratios of the magnitude of the superconducting gap to the
critical temperature, maybe due to the interplay between the superconducting gap and the
antiferromagnetic pseudogap (see below).
For high-temperature superconductors αP ≈ −kα ≈ 3/8 and from the equation (14) we
obtain
2∆ ∼= 7Tc. (16)
The ratio 2∆/Tc measured in Sm2−xCexCuO4 by means of local tunneling spectroscopy
is varying from 4 to 7 due to the local change in cerium content and, whence, in the value of
the critical temperature [1]. The maximum value of 2∆/Tc, corresponding to the maximum
value of the critical temperature (which was the case in optimally doped samples used in
these measurements) is in agreement with the relation (16).
The characteristic length l of antiferromagnetic fluctuations in the superconducting phase
[3] has an order of magnitude of the diameter 2r0 of the atomic relaxation region [5],
l ∼= 2r0 ∼= 2αa0 ∼= 16nm, (17)
or, more exactly,
l ∼= 4βαr0 ∼= 25nm, (18)
if β ∼= 0.8 wich is the case for most of metals [3].
Inelastic neutron diffraction measurements give the characteristic length of antiferromag-
netic fluctuations in the superconducting phase of R2−xCexCuO4 at the level of l ≈ 20nm
[1,3], which is in agreement with the estimations (17) and (18). It means that antiferromag-
netic fluctuations are connected with the atomic displacement, the region of antiferromag-
netic fluctuations having its center at the position of the “lattice defect” associated with an
elementary antiferromagnetic excitation.
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Neutron diffraction studies of the ferromagnetic superconductor ErRh4B4 have estab-
lished the existence of a modulated structure in the superconducting regions at the length
scale ∼= 10nm [4]. This structure can be interpreted as the antiferromagnetic modula-
tion with a length scale having an order of the radius of the atomic relaxation region
r0 ∼= αa0 ∼= 8nm [5]. The size of superconducting regions of the supercooled supercon-
ducting phase of this ferromagnetic superconductor, coexisting with ferromagnetic domains
in the narrow temperature interval T ≈ 0.9− 0.97K, has an order of the size of crystalline
domains given by the equation (2). On heating, a sharp transition from the ferromagnetic
phase to the superconducting phase is observed at TFM = 0.97K [4]. The ratio Tc/TFM for
this ferromagnetic superconductor is Tc/TFM ∼= α/2 ∼= 9.
Since T ∗AFM
∼= 2K and Tc = 8.7K, from the relation (13) we obtain for ErRh4B4:
2∆∗ ∼= αT ∗AFM
∼= 36K, (19)
whereas the magnitude of the superconducting gap, according to the relation (15), is
2∆ ∼= 3.4Tc ∼= 30K, (20)
so that 2∆∗ ∼= 2∆. For the other ferromagnetic superconductor ErNi2B2C, the equations
(13) and (15) give 2∆∗ ∼= 110K and 2∆ ∼= 37K, respectively, so that ∆∗/∆ ∼= 3.
Since 2∆∗ ∼= 2∆ for ErRh4B4, the antiferromagnetic phase transition is suppressed, con-
trary to the case of ErNi2B2C, where ∆
∗/∆ ∼= 3. In the case of weak itinerant ferromagnets
UGe2 and URhGe [2], the relation 2∆
∗ ∼= 2∆ is also presumably valid, so that the antifer-
romagnetic transition is suppressed and the superconducting transition occurs instead. The
characteristic temperature of the antiferromagnetic pseudogap opening can be determined
from the relations (13) and (14) as follows
T ∗AFM
∼= 2∆∗/α ∼= 2∆/α ∼= αPTc. (21)
Thus we obtain for these superconducting ferromagnets
UGe2
T
∗
AFM
∼= 0.2K
Tc = 0.95K
(under pressure)
TFM = 33K
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URhGe
T
∗
AFM
∼= 0.05K
Tc = 0.27K TFM = 9.5K
The ratio TFM/Tc for these ferromagnetic superconductors is TFM/Tc ∼= 2α.
Since the antiferromagnetic transition is not normally observed in metal superconductors,
the same relations 2∆∗ ∼= 2∆ and T ∗AFM
∼= αPTc are valid in this case too.
The 17O nuclear magnetic resonance spectra of overdoped samples of the hole-doped high-
temperature superconductor Bi2Sr2CaCu2O8+δ with Tc = 75− 90K [18] show a minimum
of the linewidth of the O(1) resonance (corresponding to the oxygen in the CuO2 plane)
at the temperature T ∗AFM
∼= αPTc, where αP ≈ 3/8. This minimum of the O(1) resonance
linewidth corresponds to antiferromagnetic fluctuations in the superconducting phase of this
cuprate superconductor and indicates that the relation 2∆∗ ∼= 2∆ is valid also for overdoped
cuprate superconductors. In the case of near-optimally doped sample with Tc = 90K the
increase of the Knight shift above Tc is indicative of the relation 2∆
∗ > 2∆ in the region of
optimal doping.
To summerize, we show that antiferromagnetic fluctuations develop in the superconduct-
ing phase of both low- and high-temperature superconductors, we obtain the temperature
and pressure dependence of the number density of elementary excitations for ferroelectrics,
ferromagnets and superconductors. We obtain further the curve of phase equilibrium in the
high pressure region for ferroelectric, ferromagnetic and superconducting phase transitions.
We give also the estimations of the magnitudes of the antiferromagnetic pseudogap and the
superconducting gap, and of the characteristic length scale of antiferromagnetic fluctuations
in the superconducting phase. We show that for metal superconductors (and other nonmag-
netic low-temperature superconductors) the magnitudes of the antiferromagnetic pseudogap
and the superconducting gap are close each to other and give the estimation of the charac-
teristic temperature of the antiferromagnetic pseudogap opening for these superconductors.
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